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Abstract
Let X be a T0-space, we say that X is H -spectral if its T0-compactification is spectral. This paper deal with topological properties
of H -spectral spaces. In the case of T1-spaces the T0-compactification coincides with the Wallman compactification. We give
necessary and sufficient condition on the T1-space X in order to get its Wallman compactification spectral.
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0. Introduction
Let R be a commutative ring with identity and Spec(R) the set of its prime ideals. The Zariski topology for Spec(R)
is defined by letting C ⊆ Spec(R) be closed if and only if there exists an ideal I of R such that C = {P ∈ Spec(R) |
I ⊆P}.
A topological space is called spectral if it is homeomorphic to the prime spectrum of a ring equipped with Zariski
topology. M. Hochster [3] has characterized spectral spaces as follows:
A space X is spectral if and only if the following axioms hold:
(i) X is sober;
(ii) X is compact;
(iii) The compact open sets form a basis of X;
(iv) The family of compact open sets of X is closed under finite intersections.
On an other register, Herrlich has constructed [2], with any T0-space X, a minimal compactification βωX (called
the T0-compactification of X). For T1-space, the extension βωX coincides with the Wallman compactification wX
of X.
Recently, K. Belaid et al. [1], have characterized topological spaces X such that the one point compactification
of X is a spectral space. By H -spectral space we mean a topological space X such that its T0-compactification is
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of this paper is to give some properties of H -spectral spaces and to characterize W -spectral spaces.
The first section of this paper contains some remarks and properties of T0-compactification and H -spectral spaces.
The second section deals with the characterization of W -spectral spaces.
1. T0-compactification and H -spectral space
The following construction has been introduced by H. Herrlich [2].
1.1. Construction. Let X be a T0-space. Consider the set Γ (X) of all filters F on X that satisfy the following two
conditions:
(a) F does not converge in X.
(b) Every finite open cover of X contains some member of F .
Let Ω(X) be the set of minimal elements of Γ (X) and define:
(i) X∗ω = X ∪ Ω(X).
(ii) A∗ω = A ∪ {F |F ∈ Ω(X) and A ∈F} for A ⊆ X.
Then βω = {A∗ω | A open in X} is a base for a topology T ∗ω on X∗ω. Since (X∗ω,T ∗ω ) is compact and X is dense
in X∗ω, the space with underlying set X∗ω and topology T ∗ω will be called the T0-compactification of X, and will be
denoted by βωX.
Under the previous notations, some properties of βωX will be recalled:
1.2. Every F ∈ Ω(X) has a base consisting of open sets.
1.3. For each open subset U of X, the set U∗ω is the largest open set U of βωX with U = U ∩ X.
1.4. (A ∩ B)∗ω = A∗ω ∩ B∗ω for subsets A and B of X.
1.5. Each finite subset of Ω(X) is closed in βωX.
The following properties of βωX are frequently useful:
1.6. A∗ω ∪ B∗ω ⊆ (A ∪ B)∗ω for subsets A and B of X.
1.7. If C is a closed subset of βωX then C ∩ X is a closed subset of X.
Now we give some new observations about T0-compactification.
1.8. Proposition. Let X be a T0-space. Then the following properties hold:
(1) If βωX is sober, then X is sober.
(2) If βωX is spectral, then X is sober.
(3) If βωX is normal, then X is normal.
(4) If X is normal, then for each distinct elements F and G of βωX there exist two disjoint open sets U and V of X
such that F ∈ U∗ω and G ∈ V ∗ω .
(5) If X is a normal sober space, then βωX is sober.
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βωX is sober, there exists x ∈ βωX such that {x}βωX = CβωX . That x ∈ X follow immediately from the fact that finite
subsets of Ω(X) are closed in βωX. Hence {x}X = C. Therefore, X is sober.
(2) Straightforward.
(3) Let F1,F2 be two disjoint closed sets of X. Thus eachF ∈ Ω(X) must contain X−F1 or X−F2. If X−F1 ∈F ,
then F /∈ F1βωX . If X − F2 ∈F , then F /∈ F2βωX . Thus, F1βωX ∩ F2βωX = ∅.
Since βωX is normal, there exist two disjoint open sets O1, O2 of βωX such that F1βωX ⊆ O1 and F2βωX ⊆ O2.
Hence, F1 ⊆ O1 ∩ X and F2 ⊆ O2 ∩ X. Therefore, X is normal.
(4) Let F ,G ∈ Ω(X) and F = G. By minimality, the filter H=F ∩ G does not belong to Ω(X). Thus there exists
a finite open cover U of X, which does not meet H. Define B1 = U ∩ F and B2 = U − B1. Then B1 and B2 are
non-empty, B1 does not meet G, and B2 does not meet F . Since X is normal, there exist an open cover {VU | U ∈ U}
of X such that VUX ⊆ U for each U ∈ U . For U ∈ U , the set {U,X − VU } is a finite open cover of X. Thus
(a) X − VU belongs to F for each U ∈ B2.
(b) X − VU belongs to G for each U ∈ B1.
Define W =⋃U∈B2 VU and V =
⋃
U∈B1 VU . Then X − WX =
⋂
U∈B2 VU
X belongs to F , and similarly X − V X
belongs to G. Since (X − WX) ∩ (X − V X) = X − (WX ∪ V X), the sets (X − WX)∗ω and (X − V X)∗ω are disjoint
neighborhoods of F and G in βωX.
(5) Let C be a nonsingleton irreducible closed set of βωX. By (4), C ∩ (βωX −X) is empty or a singleton, since X
is normal. Let C = C ∩ X. It is immediate that CβωX = C. Thus C is an irreducible closed set of X. Since X is sober,
there exists x ∈ X such that C = {x}X ; hence C = {x}βωX . Therefore, βωX is sober. 
1.9. Remark. The proof of (4) is given by Herrlich [2], proving that if X is normal Hausdorff space then βωX is
Hausdorff.
1.10. Proposition. Let X be a noncompact T0-space, F ∈ βωX and U an open set of X such that U ∈ F . Then there
exists an open cover V of X such that V has not a finite sub-cover and V ∪ {U} has a finite sub-cover.
Proof. Let x ∈ X. Since F does not converge in X, there exists an open set Vx of X containing x such that Vx /∈ F .
On the other hand, if G ∈ βωX such that G =F , then by minimality there exists an open set UG of X such that UG ∈ G
and UG /∈ F . Let V = {U | U an open set of X such that U /∈ F}. It is immediate that V is an open cover of X such
that V has not a finite sub-cover. Since {V ∗ω | V ∈ V} ∪ {U∗ω} is an open cover of βωX, there exists a finite sub-set U of
V such that U ∪ {U} is a cover of X. 
The following concept has been introduced by Herrlich [2].
1.11. Definition. A subset N of a space X is called nearly closed in X provided that for every open cover U of N and
every point x of X there exist a finite subset U of U and a neighborhood Vx of x with (Vx ∩ N) ⊆⋃U∈U U .
Obviously if C is a closed in X, then C is nearly closed. Herrlich has proved, in [2], that in an Hausdorff space a
set N is nearly closed if an only if N is closed.
Recall that the specialization order of a topological space X is defined by: x  y if and only if y ∈ {x}. We denote
by (x↑) = {y ∈ X | x  y} and (↓x) = {y ∈ X | y  x}.
Recall that, according to Hochster [3], a topological space X is said to be quasi-Hausdorff if for each distinct
elements x, y of X such that (↓x) ∩ (↓y) = ∅, there exists two disjoint open sets U and V of X such that x ∈ U and
y ∈ V . A spectral space is necessarily quasi-Hausdorff (see Hochster [3]).
The following result sheds light on H -spectral spaces.
1.12. Proposition. Let X be a T0-space such that for each x ∈ X and each F /∈ (x↑)∩Ω(X), (↓x)∩ (↓F) = ∅. If X
is H -spectral then the following properties hold:
(1) If O is a compact open set of βωX, then O ∩ X is a nearly closed set of X.
(2) The nearly closed and open sets form a basis of X.
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N ⊆ U and N ∪ V = X.
Proof. (1) Let O be a compact open set of βωX. Without loss of generality, we can suppose that O = U∗ω ∪ V ∗ω with
U and V are two open sets of X. Let U be an open cover of U ∪ V and x ∈ X − (U ∪ V ).
Since βωX is spectral, βωX is quasi-Hausdorff. For each F ∈ Ω(X) ∩ (U∗ω ∪ V ∗ω), F /∈ (x↑). Hence (↓x) ∩
(↓F) = ∅. Thus there exist two disjoint open sets W ∗xω and W ∗Fω such that x ∈ W ∗(x,F)ω and F ∈ W ∗Fω.
Hence U ∪ {W ∗Fω |F ∈ Ω(X) ∩ (U∗ω ∪ V ∗ω)} is an open cover of U∗ω ∪ V ∗ω . Since U∗ω ∪ V ∗ω is compact, there exists
a finite subset U ′⊆ U and F1,F2, . . . ,Fn ∈ Ω(X) ∩ (U∗ω ∪ V ∗ω) such that U ′ ∪ {W ∗F1ω,W ∗F2ω, . . . ,W ∗Fnω} is an open
cover of U∗ω ∪V ∗ω . Thus Ox =
⋂n
i=1(W ∗(x,Fi )ω ∩X) is an open neighborhood of x such that Ox ∩ (U ∪V ) ⊆
⋃
O∈U ′ O .
Therefore, O ∩ X = U ∪ V is nearly closed.
(2) Let W be an open set of X. W ∗ω is an open set of βωX. Since the compact open sets form a basis of βωX,
W ∗ω =
⋃
i∈I Oi with Oi is compact set of βωX.
Hence W = W ∗ω ∩ X =
⋃
i∈I (Oi ∩ X). By (1), (Oi ∩ X) is nearly closed. Therefore, the nearly closed and open
set form a basis of X.
(3) Since U ∪V = X, U∗ω∪V ∗ω = βωX. Thus βωX−V ∗ω ⊆ U∗ω. Obviously βωX−V ∗ω is compact. On the other hand,
βωX is spectral, then there exists a finite set O of compact open sets of βωX such that βωX − V ∗ω ⊆
⋃
O∈OO ⊆ U∗ω .
Hence
⋃
O∈OO ∪ V ∗ω = βωX.
Let N = X ∩⋃O∈OO . Clearly N ∪ V = X and, by (1), N is an open nearly closed set. 
1.13. Remark. If X is a T1-space, then for each x ∈ X and each F /∈ (x↑), (↓x) ∩ (↓F) = ∅.
To give an example of an open set U such that U∗ω is compact, we consider U a subspace of a T0-space X such
that for every open cover U of U there exist a finite sub-cover V of U such that V is a trace of some finite open cover
of X. Then U∗ω is compact.
1.14. Example. Let (X,) be an ordered set and A() be the Alexandroff topology associated to the order  (that
is, the topology generated by (↓x), x ∈ X). Then for x ∈ X, (↓x)∗ω is compact.
We remark that (↓x)∗ω = (↓x), since for F ∈ Ω(X), F does not converge in X.
We close this section with two questions.
1.15. Questions. (1) Characterize open sets U such U∗ω is compact.
(2) Characterize H -spectral spaces.
2. W -spectral
Our goal in the present section is to characterize W -spectral spaces.
First we recall the Wallman compactification of a T1-space as introduced by Wallman [4].
Let P be a class of subsets of a topological space X which is closed under finite intersections and finite unions.
A P-filter on X is a collection F of nonempty elements of P with the properties:
(i) F is closed under finite intersections;
(ii) P1 ∈F , P1 ⊆ P2 implies P2 ∈F .
A P-ultrafilter is a maximal P-filter.
When P is the class of closed sets of X, then the P-filters are called closed filters.
The points of the Wallman compactification wX of a space X are the closed ultrafilters on X. For each closed set
D ⊆ X, define D∗ to be the set D∗ = {A ∈ wX | D ∈ A}. Thus C = {D∗ | D is a closed set of X} is a base for the
closed sets of a topology on wX.
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the class {U∗ | U is an open set of X} is a base for open sets of the topology of wX, and the following properties of
wX are frequently useful:
2.1. If U ⊆ X is open, then wX − U∗ = (X − U)∗.
2.2. If D ⊆ X is closed, then wX − D∗ = (X − D)∗.
2.3. If U1 and U2 are open in X, then (U1 ∩ U2)∗ = U∗1 ∩ U∗2 and (U1 ∪ U2)∗ = U∗1 ∪ U∗2 .
In [2] Herrlich has proved that if X is a T1-space, then βωX = wX.
Now, we are in position to give a characterization of W -spectral spaces.
2.4. Theorem. Let X be a T1-space. Then X is W -spectral if and only if for each disjoint closed sets F and G of X,
there exists a clopen set U such that F ⊆ U and G ∩ U = ∅.
Proof. Necessary condition. Let F and G be two disjoint closed sets of X. Hence (X − F) ∪ (X − G) = X. By
Proposition 1.12 and Remark 1.13, there exists an open nearly closed set N such that N ⊆ (X−F) and N ∪(X−G) =
X. Therefore, F ⊆ (X − N) and G ∩ (X − N) = ∅. On the other hand, wX is spectral, then wX is quasi-Hausdorff.
Since wX is T1, wX is Hausdorff, it is easily seen that X is Hausdorff and X − N is clopen.
Sufficient condition. Let B = {U∗ | U clopen set of X}.
(a) B is a basis of wX.
Let V be an open set of X and x ∈ V ∗. We consider two cases.
Case 1: x ∈ V . Since X is T1, {x} is closed. Hence there exists a clopen set U such that {x} ⊆ U ⊆ V . Thus U∗ is
a clopen neighborhood of x such that U∗ ⊆ V ∗.
Case 2: x = F ∈ V ∗ ∩ Ω(X). For G ∈ wX − U∗, there exist F ∈ F and G ∈ G such that F ∩ G = ∅. Thus
there exists a clopen set UG of X such that F ⊆ U and G ∈ (X − UG). Hence {(X − UG)∗ | G ∈ wX − V ∗} is an
open cover of wX − V ∗. Since wX − V ∗ is compact, there exists a finite collection {(X − UG)∗ | G ∈ I } such that
wX − V ∗ =⋃(wX −U∗G : G ∈ I ). Let UF =
⋂
(UG : G ∈ I ). It is immediate that U∗F is a clopen neighborhood of F
such that U∗F ⊆ V ∗. Therefore, B is a basis of wX.(b) Since each element of B is clopen, B is a basis of compact sets closed under finite intersection.
(c) That wX is sober follows immediately from Proposition 1.8.
We have thus proved that wX is spectral. 
Let us now give an example of a nondiscrete and noncompact W -spectral space.
First, we need to recall the patch topology [3]. Let X be a spectral space, by the patch topology on X, we mean the
topology which has as a sub-basis for its closed sets the closed sets and compact open sets of the original space (or
better, which has the compact open sets and their complements as an open sub-basis). Recall that the patch topology
associated to a spectral space is spectral [3].
2.5. Example. Let {Xi | i ∈ I } be an infinite collection of disjoint spectral spaces. Let Xipat be the set Xi equipped
with the patch topology. Since Xipat is a Hausdorff spectral space, for each disjoint closed sets F and G of Xpati , there
exists a clopen set U such that F ⊆ U and G ∩ U = ∅. Hence the disjoint union X = (Xi : i ∈ I ) is W -spectral, by
Theorem 1.6.
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